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APPLICATION OF THE SECTOR CONDITION TO
THE CLASSIFICATION OF SUBMARKOVIAN SEMIGROUPS!
BY
MARTIN L. SILVERSTEIN

ABSTRACT. Let P, t > 0, be a strongly continuous submarkovian semigroup
on a real Hilbert space L%(X, m). The measure m is assumed to be excessive
and the L? generator 4 is assumed to satisfy an estimate (the sector
condition) which permits the application of Dirichlet spaces (not necessarily
symmetric). Other submarkovian semigroups P,~ with the same local
generator and cogenerator and relative to which m is again excessive are
classified in terms of generators for processes which live on a suitable

boundary.

Introduction. Let P, ¢z > 0, be a strongly continuous, contractive
submarkovian semigroup on L*(X, m). This means that each P, is a bounded
linear contraction on the real Hilbert space L*(X, m) and that 0 < P,f < 1
whenever 0 < f < 1, of course in the [a.e.m.] sense. The state space X is a
separable locally compact Hausdorff space and the reference measure m is
Radon. We are interested in studying, and to some extent classifying other
such semigroups P,~ which have the same local generator and dual local
generator as P,.

At present we cannot even formulate this precisely without first imposing
two conditions. The first condition involves the L2 generator 4 defined by

Af =Lim (1/{RS ~ ) ©.1)

with the understanding that the limit must exist strongly in the L? sense, and
also the associated Dirichlet form

E(8f) = —(8 4f) 02)
Of course ( , ) denotes the standard inner product on L%(X). The conditions
are
0.1.1. Sector condition. There exists a constant M > 0 such that for f,
g € domain(4)

|E(8f)F < M’E(g, 8)E(£.f)- O 03)
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0.1.2. The reference measure m is excessive. That is, if f > 0 is in L%X) N
L'(X), then for all ¢t > 0

[ m@n)ps(x) < [ m@) ). O (04)

The sector condition is fundamental for the techniques used in this paper
(and also in [1]). It can be replaced by the weaker condition that for some
a>0

|E. (8 /) < M’E, (8, 8)E.(f, ) (0.3)

where E,(g, /) = E(g, f) + a(g, f). It may be that the second condition is
primarily a matter of convenience and that in practice it can be suppressed if
necessary.

Notice that (0.4) together with the submarkov property implies that each P,
is contractive on L*(X), which we have already postulated above. More
important (0.4) implies that the dual semigroup P} defined by

(P, f) = (& PS) (0.5)
is also submarkovian. Indeed our conditions are symmetric in P, and P}. As a
general rule we will use the symbol *, the prefix “co” and/or the adjective
dual for objects associated with P*.

Before describing our results for other submarkovian semigroups P,~, we
discuss certain extensions of the domain of the Dirichlet form E.

The first extension is to the extended Dirichlet space F,,. This is the natural
completion of domain(4) relative to E alone. To simplify matters we assume
throughout that P, is transient, and then F, is an “honest” Hilbert space.
Except for certain technical points, the pattern is the same as in [2, §1] for.the
symmetric case.

The bilinear form E(g, f) is well defined when g € F,) is bounded with
compact support and when f belongs to F, ., the set of functions which are
locally in F). The local generator @ is defined by

E(g.f) = — [ m(dx) g(x)&f (x) (06)

when there exists a locally integrable function &f such that (0.6) is valid.
Similarly the dual local generator is defined by

E(g.f) = - [ m(a)@°g(x)f(x). (06%

Just as for the symmetric case [2, Part II}, the quadratic part E (f, f) of the
Dirichlet form has a Beurling-Deny decomposition

E(f,f) = D(LA) +3ILH +1 [ {x(d) + x*(@)}f2(x) (©)
where J (dy, dz), the Levy measure, measures the intensity for jumping within
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the state space X and where x(dXx), the killing measure, measures the intensity
for jumping to the death point. Of course k* is the killing measure for the
dual semigroup. The remainder D (, f), the diffusion form, is a local form as
defined in [2, §11). The symmetrized reflected space F™ is the set of

re

J € F,, for which (0.7) converges. Every f € F™™ has a local decomposition
f=f+HY 0.8)

where f;, belongs to the extended Dirichlet spade Fg, which corresponds to
the absorbed process for D and where H™f is harmonic on D. Here D is any
open set with compact closure. (A function is understood to be harmonic if it
is fixed by the hitting operators for the complement of any compact set.) We
showed in [2, §14] that in the symmetric case it is always possible to pass to
the limit in D and get a global decomposition

f=fo+h (09)

with f, € F,) and with 4 harmonic on all of X. The argument used in [2] is
not applicable here and indeed we have not been able to decide whether or
not such a decomposition is always possible. Fortunately we are able to get
around this gap in our knowledge by focusing our attention on the reflected
space F,q, the set of f € F"™ for which such a decomposition is possible. It
turns out that f € F3)™™ has a decomposition (0.9) if and only if it has a dual
decomposition

f=f+h~ (0.9*)

For technical reasons we restrict our attention further to the active reflected
space F,.;, which is actually contained in L%(X). This space is used to define
a boundary A and a reference measure » on A. Each f € F,;, determines a
“boundary function” yf € L*(4, ») and the decompositions (0.9), (0.9*) can
be written

f=h+Hy; f=f+H*yf

where H, H* are the hitting operator and dual hitting operator for the
boundary A. Also for a > 0 there are decompositions

f=h+Hyfi f=7+HAf (0.10)

where now f,, f¥ belong to the Dirichlet space F = F, N L¥(X).
For f € F,;, we can write

E(f£S) = E(fS: fo) + N(, ¥f) (0.11)

where in general for ¢ defined on A we have
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N(g,9) =3 [ 7(n) [ 7( @80 O{0(n) — 9®))
+3 [ 1*(d) Ho(x) +§ [ w(d)H*9*(x)

+1 [ r(@)(rap® + 1Lp@)0°®.  (O12)

The individual terms in (0.12) can be defined directly in terms of the
approximate Markov process ¢ which in constructed exactly as for the
symmetric case in [2, §5]. The Feller density u, (1, £) is the intensity for
entering from 1 on A and exiting at £ on A. The function = p*(§) is the
intensity for entering at time —oo or from the passive point § (but not
jumping in) and exiting at £ on A. The function 7% p(§) has a dual meaning.
The second term corresponds to the possibility of entering by jumping in
from the death point 9 and exiting at A, and the third to the dual possiblity.
(See the analogous description in [3, §3].)

Now we are ready to describe our results for submarkovian semigroups P,~
with generator A~ and adjoint generator A~* contained in @ and @*
respectively. At present we can obtain the results in a general setting only if
we assume that also the adjoint semigroup P,~* is submarkovian. However
we do not assume that the generator A~ satisfies the sector condition 0.1.1.
Both domain(4~) and domain(4~*) are contained in the active reflected
space F, ,. The resolvent G-, a > 0, can be represented

G g=G,g+ HR,ym2g (0.13)

where G, a > 0, is the resolvent for the original semigroup P,, where H, is
the a-order hitting operator mentioned above and is bounded from L?(4, »)
to L%(X, m), and where 7* is the adjoint to the dual hitting operator H* and
is bounded from L*(X) to L%(A). The operator Ry, is bounded on L*(4) and
must contain all of the “new information”. In fact this information can be
expressed neatly in terms of a single operator B, the “boundary generator.”
The operators R, are determined by B in a canonical manner, exactly as in
the symmetric case. (See p. 20.13 in [2].) The operator B on L*(A) generates a
contractive submarkovian semigroup which is strongly continuous on a
subspace of L%(A) and B together with its adjoint B* satisfy estimates

- ([Q) - c]+,B<p)A
> [ v(dn) [ #(d2ug0(m, @ = ] (e = 2 Ac®))

+ [ v(@gymtp@cle — 1" @ + [ (@H*c[o - ] (x),
(0.14)
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~(B*%[v-c]")
> [ v(én) [ 2(d8uow(n {c =¥ Aem}[¥ — c* 1)

+ [ v(@gmop@el¥ = c]” ¢ + [ e @By - c]" (),

(0.14%)
where ¢ € domain(B), ¢ € domain(B*) and ¢ > 0. Conversely any such B
determines a unique semigroup P,~ as above.

The two estimates (0.14), (0.14*) are easily understood if one thinks in
terms of constructing the Markov process which corresponds to P~ by
starting with the process on A which corresponds to the semigroup generated
by B and then inserting excursions into X and finally collapsing the time
scale. (See Chapter I in [3] for a detailed description of this construction on
the symmetric case.) Our assumption that A~ and 4~* are contained in the
local generators @ and @* implies that the excursions into X must have a
particular conditional distribution. The complete excursions into X force the
process on A to have at least a certain intensity for jumping within 4, the
incomplete excursions force the process and dual process to have at least a
certain intensity for “jumping to a death point.” This is the meaning of (0.14)
and (0.14*).

To our knowledge it was M. Motoo [4] who first discovered this method for
constructing the process which corresponds to P,~. It plays a fundamental
role in [3], but in the present paper we view it only as a heuristic tool. In
actually formulating our proof for the estimates (0.14), (0.14*) we were
strongly influenced by a paper of H. Kunita [5] which deals with diffusions.
However Kunita gets a weaker estimate than (0.14), (0.14%) and he is able to
prove a converse only after imposing additional restrictions on P,~.

We can say considerably more if we restrict ourselves to the case when
both P, and P~ are symmetric. That is, we assume that each P, is a
symmetric operator on L*(X, m) and then 0.1.1 and 0.1.2 are automatic. We
consider only submarkovian semigroups P,~ which are also symmetric on the
same Hilbert space L%(X, m). Then the results are more naturally formulated
in terms of the Dirichlet space (H™, Q~) on L*(4, ») which corresponds to
the boundary generator B. (See §1 in [2].) If any exist at all then there is
always the excursion space (N, N) with N defined by (0.12) and with N the
totality of functions @ € L%(4) such that (0.12) converges. The associated
semigroup P/ acting on L%(X, m) is called the reflected semigroup and
corresponds precisely to the Dirichlet space (F,,, E) described above. (It is
easy to check that for smooth diffusions this is consistent with standard
terminology.) Moreover F,;, =F N L*(X,m) and E(g,f), since it is
symmetric, is automatically well defined for all g, f € F, ;. Sometimes this
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gives direct control over the Dirichlet space (N, N) on L*A). Before
continuing, we illustrate this with a simple example.

Let X be the upper half-plane R>* = {(x, y): x € Randy > 0} and let P,
be the absorbing barrier diffusion generated by @ = D,D, + D,D, + (1 —
a)y ~'D, where D,, D, denote partial derivatives with respect to x, y respec-
tively and a > 0 is constant. Since also

@ =y*~'D;y'"°D; + y*~'D,y' D,

it is clear that @ and therefore P, is symmetric with respect to the measure
dm = y'~%dxdy. The associated Dirichlet form is

E(f,f) = —fdmf@f=L;wdxj;wajiy‘““{(D,f)z+(sz)z}. 0.15)

If a > 2, then it can be shown by direct arguments that (0.15) can converge
only if f is constant on the boundary R. Thus the reflected diffusion can be
defined only after the boundary R is collapsed to a point. If 0 < a < 2 then
there exist functions f with nontrivial boundary behavior such that (0.15)
converges and so there exists a reflected diffusion which distinguishes points
on R. It is known that if we normalize the reference boundary measure to be
Lebesgue measure, then the associated process on the boundary is the
symmetric stable process with index a. This was first proved by F. Spitzer [24]
for the case @ = 1 and by S. A. Molchanov and E. Ostrovskii [22] for the full
range 0 < a < 2. In fact this can be deduced directly from the identity (0.11)
by studying the action of the transformations

6, (x,») = (ax, @y); ps(%,9) = (x + b, )
for a > 0 and b real. The global hitting operator H must commute with both
transformations and

E(feppfor)=E(ff); E(fed,f°8,)=a""E(ff).
This is enough to determine the process on the boundary modulo a scale
factor.

We return now to our general discussion of the symmetric case. The two
basic estimates (0.14), (0.14*) are replaced by the condition that H™ is
contained in H' and the difference Q~ — N is contractive on H™. The latter
means that we can write Q~ = N + Qg where Qg is itself contractive. Thus
symmetric submarkovian semigroups P,~ with generator 4~ contained in @
are completely classified by such pairs (H™, Q~). However a pair (H~, Q™)
actually corresponds to a P~ only if it is closable in the sense of [25].
Deciding whether a particular pair actually is closable can be an interesting
technical problem about which little is known at present. (Perhaps the deepest
results can be found in a recent preprint of M. Fukushima [23]. Also this is
discussed for diffusions in §§15 and 17 of [3].) Nevertheless the general result
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does provide an effective technique for actually constructing examples. Also
boundary conditions for the generator A~ can be formulated very simply.
For a given function f the normal derivative is defined as a linear functional
(3f/3n)(¥) acting on bounded functions ¢ in H'*' by means of difference
quotients on an appropriate sample space. It is not hard to show that for
smooth diffusions this corresponds to the classical inner normal derivative. A
given f € F,, belongs to domain(4 ~) if and only if the restriction yf € H~
and f satisfies the boundary condition

@f/am)(¥) = Qo (v, ¥) (0.16)
for all bounded ¢ € H™. (All these results for the symmetric case can be
found in §§14, 15 of [2] and §9 of [3].)

At present we know very little about all this in any nonsymmetric setting.
A natural guess is that if F,.;, properly contains F = F,, N L*X, m) then the
reflected semigroup P/ exists and its boundary generator B is given by

Bp(%) = [ (& M){#(n) — 9(§) }r(dn) — 152OPE) — T OP(®)

(0.17)

with the first term on the right being defined by an appropriate limiting
procedure. In fact our results for the symmetric case suggest that the
“correct” limiting procedure would lead to the formula

By = (3/0n)He (0.18)

where Ho is the unique harmonic extension of ¢.

However we do not even know how to define P/ in a general setting. The
simplest approach would be to first define the reflected Dirichlet form
E™(g, ) for all g, f € F,;, and then use E to define the resolvent G™, at
least for a sufficiently large, by the formula

E; (8, Guf) = (&) (0.19)

We doubt that this will work in general. In the Appendix we consider an
example where F,;, properly contains F but there does not seem to be any
natural way to define E™!(g, f). This approach does work for the special case
of diffusions with a smooth uniformly elliptic local generator.

The estimates for the boundary generator B are established in §7. In §8 we
prove a converse result which shows in particular that (0.14), (0.14*) are the
“correct estimates.”

In §1 we use elementary techniques from Ergodic Theory to distinguish the
transient and recurrent cases, just as in [2] for the symmetric case. To simplify

matters we assume once and for all in the remainder of the paper that P, is
transient.
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The extended Dirichlet space F, is studied in some detail in §2. It follows
from an estimate of H. Kunita [10, Lemma 3.1] that the resolvent operators
G,, a > 0, are bounded on F,). Indeed aG, is bounded uniformly in a and
converges strongly to the identity 1 as afco. In the symmetric case the
spectral theorem implies this and also the corresponding result for the
transition operators P,. We do not know if the latter is valid in general.
However we do use a simple result from the theory of holomorphic
semigroups to show that each P, maps L%(X) into the Dirichlet space F. This
will enable us in §3 to extend to the present setting a result first established by
M. Fukushima [9] for the symmetric case.

Our main purpose in §§3-5 is to extend certain results which will be needed
in later sections. Often the real point is to fix notations, but we will also
include some proofs which are significantly different from their symmetric
counterparts. In particular we establish in §5 the Beurling-Deny decom-
position for the quadratic form E (f, f) and this is fundamental for studying
the reflected space in §6. We have indicated above that the results in [3] do
not automatically carry over. The main point seems to be that the sectorial
estimate (0.3), unlike symmetry, is not automatically inherited by the reflected
space. This is illustrated by the example in the Appendix.

As a general rule we will state and prove results only for P,, the dual results
being taken for granted. General notational conventions are the same as in [2]
and [3]. For example all functions are understood to be measurable with
respect to the obvious sigma algebra and specified up to appropriate null sets.

While the manuscript was being prepared we received several preprints
from Yves le Jan [21], [26], [27] which contain closely related results. Le Jan
restricts his attention to the case when also 4~ satisfies the sector condition.
Then, just as for the symmetric case [2], [3] the generator on the boundary
corresponds to a “Dirichlet space on the boundary.” An interesting new
feature is that (0.14) and (0.14*) must be supplemented by a direct estimate
on Dirichlet norms. (See condition (b) of Theorem IIL.2 in [21].)

I have already mentioned the influence of M. Motoo and H. Kunita on this
paper. In addition I again acknowledge my debt to M. Fukushima whose
pioneering work [6], [7], [8] inspired my own research in this area.

I thank the staff and faculty at the Institute for Advanced Study in
Princton for their hospitality and support while I was doing this research.

1. Transience and recurrence. We begin with

LeMMA 1.1. The P,, t > O, form a strongly continuous contraction semigroup

onL'X). O

PrOOF. It follows directly from (0.4) that each P, is a contraction on L',
That is,
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[ @ 1Pf)) < f ax (0l (L)
Thus we need only establish for f € L*
Lim [ m(dx)|f(x) = PS(x)| = 0. (12)

Because of (0.4) it suffices to consider f € L' n L? and then (1.2) would
follow immediately from strong continuity of the P, on L? if m were bounded.
To handle the case of unbounded m, we use the notion of almost uniform
integrability introduced by Hunt in his monograph [11]. It suffices to consider
J > 0in (1.2). Since P,f— f in L? also P,f—> f in measure and so by the
dominated convergence theorem
Lim [ m(d){f(x) ARS(x)} = [ m(dx)f(x).
But for all £ > 0 we have [ m(dx)f(x) > fm(dx)P,f(x) and it follows that

Lim [ m(dx){Pf(x) —f A PS(x)} =0.
Thus for everya > 0

[ m(d)PS()
[Pf> of]

L CONORY EICONEEINTE)

<(1/a) [ m(@)Pf(x) + [ m(@){Pf(x) - f A PS())

which is enough to guarantee that the functions Pf, ¢ > 0, are almost
uniformly integrable in the sense of [11] and (1.2) follows from Lemma 6.8 in
. o

From now on it is understood that the P, as well as any other order
preserving operators, are extended to act on general functions as on p. 1.6 in
[2].

Next we define for @ > 0 the resolvent operators
-]
Gf= fo dt e~*P, (13)

with the integral interpreted as a limit of Riemann sums. Also we define the
Green’s operator

. n
Gf = Lim fo dt Pf. (14)
Arguing exactly as in §1 of [2], we prove
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LeMMA 1.2. Let f, g > 0in L' and define
A = {x: Gf(x) = + 0, Gg(x) < +0}.
Then g = 0[a.e.m.Jon A and Gg = 0[a.em.]Jon A. []
Now fix f, € L! with f > 0[a.e.m.] and define
C={x:Gf(x) = +x}; C*={x:G*(x)=+x},
D = {x: Gfy(x) < +o0}; D*= {x: G*fy(x) < +0}.

By Lemma 1.2 these are well defined modulo m-null sets independent of the
choice of f,. The point of all this is

THEOREM 1.3. (i) C = C* and D = D* modulo m-null sets.
(ii) fc m(dx)Glp (x) = fD m(dx)Glg (x) = 0.

(i) Iff € L' and f > 0, then Gf < + 0 [a.e.m.] on D and Gf = 0 or + 0
[a.em]onC. O

PROOF. (iii) is an immediate consequence of Lemma 1.2. To prove the rest
of the theorem choose ¢ € L! such that ¢ > 0 [a.e.m.] on D* and such that
Im(dx){(x)G*f(x) < + 0. This implies that Gy < + oo [a.e.m.] and, by
Lemma 1.2, ¢ =0 [a.e.m.] on C. Thus C C C* [a.em.]. Similarly C* c C
[a.e.m.] and (i) follows. The vanishing of the first integral in (ii) follows since
Gy = 0 [a.e.m.] on C by Lemma 1.2 and the vanishing of the second integral
follows by duality. [

1.2. DeFINITION. The semigroup P, is tramsient if Gf < +o0 [a.em.]
whenever f > 0, f € L' and recurrent if for all such f the set [0 < Gf < +¢0]
ism-null. [J

It follows from Theorem 1.3 that there is no real loss of generality in
assuming that the semigroup is either transient or recurrent. To simplify
matters we assume once and for all in the remainder of the paper that P, is
transient.

2. The extended Dirichlet space. Following H. Kunita [10], we begin by
introducing for & > 0 the approximating form

Ea(g’f) = a(g9f_ aGJ)‘ (2°l)
This makes sense at least for f, g € L2 Moreover
E® (8 f) = E(8 aG,f). 22
The estimates
|E* (8 f) < M’E* (8, 8)E (/. f), 23)

E*(£.f) < M’E(£.]) 24)
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are established by Kunita. (For a proof see [10] or Lemma 1.1 in [1].)
For a > 0 let G,(dx, dy) be the unique measure on X X X such that for
sfEL?

[[ Gu(ax, #)8(x)f(») = (5 Guf). 25)
Then

E*(8.f) = 3 af m(ax){1 - aG,1(x)} 8(x)f(x)
+ -;-a [ m(@){1 - aG21(x)} 8(x)f (%)
+ 12 [ 6,(d SN ) 1)) + (80) = 869) 1) @O

and in particular
E*(ff) =5 of m(@){1 - aG1(9)}f*(x)
+ 1 a[m(d0)(1 - aG(®)} (%)
+ 1 [ G,(dx, #){F(x) - ) @7)

From now on we define E*(f, f) by (2.7) whenever this converges. Of course
it follows from (2.7) that if T is a normalized contraction (that is, satisfies
(1.12) in [2]), then

E*(Tf, Tf) < E*(£.f). 28)

2.1. DEFINITION. Let f be defined and finite [a.e.m.] on X. Then f belongs to
the extended Dirichlet space F if there exists a sequence f,, n > 1, in
domain(4) such that

21LLE(f, = [ o — [ > 0asm,n— oo.

212.f, > flaem]. O

2.2. DEFINITION. The Dirichlet space F = F, 0 L% [

Just as §1 of [2] for the symmetric case, the extended Dirichlet space F, is
a Hilbert space relative to the symmetrized Dirichlet norm

{8.f}=3E(s.f) +31E(f 8) 29
(Actually Lemma 2.2 below is needed for the argument in [2].) The Dirichlet
norm E itself extends to a bounded bilinear form on F,) and

E(f.f) = Lim E*(4.0) (2.10)

Of course (0.3) and also (2.3) and (2.4) are preserved by this extension. The
Dirichlet space F is a Hilbert space relative to
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{8 f},=3E(8f) +1E.(f.8) @11)
where fora > 0
E.(8f)=E(&f) + a(&f) (2.12)
Moreover f € L? belongs to F if and only if
sup E°(£,f) < +oo 2.13)

and in this case the approximating f, in Definition 2.1 can be chosen so that
also f, — f in L2, Thus our present definition of F is consistent with [1].
It follows easily from (2.8) that if T is a normalized contraction and if
S € F,, then also If € F,) and
E(Tf, Tf) < E(£, f). (2.14)
This property plays a fundamental role in the symmetric case. However, the
following two inequalities, proved by Kunita in [10], are crucial in general.
E(f={f*AILf+{fTA1}) >0,
E(f+ {f* A1Lf= {f* AL}) >0

We refer also to Lemma 1.6 in [1] for a proof.

(2.15)

Lemma 2.1. (i) Each G,, @ > 0, maps L? into F. Also G, extends naturally to
an everywhere defined operator on F, satisfying

E(aG,f, aG,f) < M?E(/,f) (2.16)
and aG, — 1 in the strong operator topology as afoo.
(i) Each P,, t > 0, maps L? into F and indeed for some M’ > O depending
only on M
E(Pf, Pf) <(M'/0)(£f)- O 2.17)
Proor. (i) follows directly from (2.4) and (2.2). (Also see Lemma 1.4 in [1].)
To prove (ii) we invoke an elementary result from the theory of holomorphic
semigroups. For present purposes only consider the complex Hilbert space L2
with inner product given by
(f~+ig~ f+ig),=(f"8) + (87,8 —i(g™f) +i(f72)
and extend 4 to L? in the obvious way. Since

((f + i8), A(S + iB)),= (s AY) + (2, 4g) — i(8 Af) + i(f, 48)
we conclude that for general F € domain(4)
Re(F, AF),< 0; |Im(F, AF) | < —M Re(F, AF),. (2.18)
It follows from Theorem 1.24 on p. 490 in [13] that the P, have a holomorphic
extension to the region Re¢ > 0; M|Im ¢| < Ret where they continue to

satisfy the contraction estimate ||P,F||;z < ||F||;;- Finally the Cauchy
integral formula applied directly to the operators P, shows that for ¢ > 0
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(d/dt)PFlz < (M'/)|IF |l (2.19)
and this immediately implies (2.17). [
REMARK. If 4 is a normal operator on L? (that is, 4 commutes with its

adjoint A4*), then the spectral theorem immediately implies that for f €
domain 4

E(Pf, Pf) < E(,f) (220)
which is enough to guarantee that P, extends to an everywhere defined
operator on the extended space F, and also that Lim, o E(f — P.f, f — P,f)
= 0. In particular (2.16) is true with M = 1 when A is normal. We know that
(2.20) is not true in the general case. A counterexample can be constructed
already when X contains two points. However, we do not know if there is a
weaker estimate

E(Pf,Pf) < M"E({,f). (2.20)

Notice that the Hille-Yosida theorem cannot be applied since we have no
control over the iterates {aG,}". [
We finish this section with

LEMMA 2.2. P, — 0 in the strong operator topology on L? as t} 0.
Proor. It follows from (2.19) that

(AP, APf) < (M'/1)(f, f) (2.19)
which implies that P,g — 0 in L? whenever g € range(4). Therefore we need
only show that range(4) is dense. But if g is orthogonal to range(4), then
A*g = 0 and therefore P*g = g for all # > 0. But this is impossible unless
g = 0 since by transience

T+1
f dt P*g="0
T

[a.e.m.] as T1oo and therefore weakly in L? as T1oo for g € L2 N L! and
therefore forallg € L2 []

3. Hitting operators and the absorbed process. Let C_,(X) or C,,, be the
collection of continuous functions on X with compact support. In the
remainder of the paper we assume that F,) N Coy = F N C_yy is uniformly
dense in C,, and also dense in the Hilbert space F). Just as for the
symmetric case [2, §2], this can always be guaranteed if we are willing to
replace X by an appropriate maximal ideal space.

We take for granted the potential theory developed in §3 of [2] for the
symmetric case and in §2 of [1] for the general situation. The notation of [1]
will be used consistently except that we will generally work with the form E
as in [2] rather that with E, as in [1]. In particular a set of capacity zero will
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be called quasi-polar rather than polar as in [2]. All functions in F,) will be
understood to be represented by quasi-continuous versions. Often functions
specified up to quasi-equivalence will be treated as if they are defined
everywhere and relations which are valid quasi-everywhere will be stated as if
valid everywhere.

We begin with a technical result which follows directly from the spectral
theorem in the symmetric case but seems to require indirect approximation
techniques in general.

LeMMA 3.1. (i) 4s a0 the operators aG, — 0 in the strong operator topology
on the Hilbert space F .
(i) If Nv is a potential, then so is P,Nv for t > 0. Also

E(P,Nv, P,Nv) < M’E (Nv, Nv), 3.1

P,Nv— Nv strongly in F, as t]0, 3.2)

P,Nv -0 weakly in F,)as t7co. 33)
(iii) Let v € O and for t > 0 define

v, (x) = (1/6){Nv(x) — P,Nv(x)}. (34)

Then Gy, — Nv strongly in F,, as t}0 and also the measures v,- m — v vaguely
ast]0. O

PrOOF. The estimate (2.17) implies that aG,f — 0 as a0 for f € F and the
extension to general f € F,,, follows with the help of the estimate (2.16),
proving (i). For (ii) we must proceed indirectly since we have no correspon-
dent to (2.16) for the P,. We consider first the case when » = ¢ - m with ¢
bounded and integrable and with G bounded. (The latter is easily achieved
with the help of the maximum principle.) For ¢ > 0, Lemma 2.1(ii) guarantees
that P,G,p € F and the estimate

E(P,G,9, P.G.9) = [ m(dx)P,G.p(x){P.p(x) =~ ¢G,Pp(x))

< {sup Go(x)} [ m(dx)p(x)

is enough to show that P,Gop € F,,). Also since P,Ge is a potential and since
PGy < Go
E(P,Gy, P,Gy) < E(Gy, P,Gy)

and (3.1) follows from the sectorial estimate (0.3). Now it is routine to extend
this much to a general potential Ny since for every a > 0 clearly aG, Ny =
G {Nv — aG,Nv}. We observe next that by the estimate (3.1) and by Lemma
3.1(v) in [2], there exists f, € F,, such that P,Nv — f, weakly in F, as ¢]0
and also P, Nv — f, quasi-everywhere for every sequence t,10. Since aG,Nv
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— Nv strongly as afoo it must be that f, = Nv and therefore (3.2) follows
from the estimate

E(Nv = P,Nv, Nv = P,Nv) < [ v(dx){No(x) — P.No()}.

Similarly there exists f,, € F,, such that P,Nv — f,, weakly in F,, as tfc0 and
(i) guarantees that f_, = 0, which completes the proof of (ii). Strong conver-
gence of Gy, to Ny follows directly from (3.2) and (3.3) since for T > 0

T T T+t
fodsP,v,=(1/t)fo dsPst—(l/t)_L ds P,Nv

and therefore
Gy, = (l/t)f'dS‘PNl' 3.5
[4 0 s . ( ¢ )

Of course vague convergence of the measures then follows directly from
regularity of F,,, [0

REMARK. Weak convergence can be replaced by strong convergence in (3.3)
when the generator A is normal. (See the remark following Lemma 2.1.) We
do not know if this is true in general. [J

The techniques of §4 in [2] can be used to establish the existence of a
process ?,, x € X\ N, and also a coprocess ?*, x € X\ N. In the remain-
der of the paper we take for granted the results and also the notation of §4 in
[2]. (We indicate in §4 in [1] how to supress the assumption that the reference
measure m is excessive. Also the techniques originally used by M. Fukushima
[8] can be applied, as is shown in a recent paper by S. Carillo Menendez [14].
Alternatively the reader may prefer to assume that the given semigroup is
Feller and invoke the “classical construction” [12, II], thus avoiding any
reference to [2], [14], or [8].) Also we will consistently use the notation of [2]
and also [3] for hitting times 6(A4), hitting operators HZ and last exit times
a*(A).

The absorbed semigroup PP, t > 0, and resolvent GP, a > 0, are defined
exactly as §7 of [2]. The arguments of [2] can easily be adapted to show that
the sector condition (0.3) is valid also for the absorbed generator and
therefore the absorbed extended Dirichlet space Fgy, E® is well defined.
Moreover, just as in [2]

F&) = {f € F(,: f = 0 quasi-everywhere on M }s
EP(g,f)=E(g f) forg,fEF, (3.6)

where M = X\ D. (We will use this notation in the rest of the paper.)
Furthermore the hitting operator H maps F,,, into F,, and
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Fi =F3 © HYF,),
E(g, HYf)=0 forg €FY),f EF). 3.7
Thus for general g, f € F,
E(s.f) = E(H*"g, HYf) + E(g - H*,f— HY)  (38)

and also
E(g, HYf) = E(H*Mg, ) = E(H*Mg, HYf) = E(HMg, HYf)
= E(H*Mg, H*™). (3.9)
The balayage operators w are defined as in [2]
HMN,u = N,aMp. (3.10)

We finish this section by applying Lemma 2.1(ii) to extend a remarkable
result proved by M. Fukushima in the symmetric case [9].

THEOREM 3.2. Suppose that there exists a quasi-polar set N such thatfor all
x € X\ N the measure Gy(x; d-) is absolutely continuous with respect to m.
Then N can be chosen so that also for every t > 0 and every x € X\ N the
measure P,(x, d - ) is absolutely continuous with respect tom. []

Proor. Just as in [9] a single quasi-polar set N can be chosen so that
P fot(B)=+x]=1
whenever B is quasi-polar and x € X\ N. The point is that Lemma 2.1(ii)

guarantees that if A is m-null then P,(y,A) =0 for quasi-every y and
therefore for every x € X\ N

Py, (%, 4) = [ Pi(x, #)P, (7, 4) = 0. [

4. An approximate Markov process. Here and in the remainder of the paper
Dy, k > 1, is an increasing sequence of open sets which have compact closure
and which increase to X. The complements are denoted M, = X\ D,. For
typographic convenience k and ~k will often be used as labels in place of
D, and M,. Thus the equilibrium measures g, and coequilibrium measures p?
are defined by

H*1 = Np;  H*1=N*pt
Just as in [2] the time reversal operator p, and the truncation operator 7 are
defined on the set & N [¢(D,) < + ] by

A= w(o*(D) —t—0) for0 <t < o*(Dy),
e =14 fort > o*(D,);

w(?) for0 <t < o*(Dy),
me(?) {a fort > o*(D,)-
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We begin with a technical result which is fundamental for our construction of
the approximate Markov process. A proof is included since it is much more
involved than the one for the symmetric case. (It is not hard to see that
P.[o*(D,) = + 0] = 0 for each k and for quasi-every x. This will be used
implicitly below.)

LeMMA 4.1. For § > Oon Q and for k,1 > 1
[ m(@)8,[o(D)) < +03£ 2 0]

- f w ()62 [0(D) < +o0s£on]. O @1

Proor. We use a superscript or subscript a for the sample space probabil-
ities, etc., when the original semigroup P, is replaced by P = e~ P,
Certainly it suffices to consider the special case when § = fy(to) - - « f,(X,)
with 0< <, <--+ <t, and with fo, ..., f, EF N Cypn. For ¢ >0
bounded and integrable and fora > 0

[ m(ave(x) 82o(D;) < 3¢ 5]
= [ m(@)o(x)63[t < 0*(D1)3 fo(Xeot0)-16-0) * * *fo (Xert03-1,-0)

=Lim [ mds)o(s) 3 Pt -~ P, P (1= P, ()

M a l/p {3 < a
=L [ @) [ ds PRy £, 2 Pl 90)
As ptoo certainly (1/p)2¢.oP2,¢ —> Gio in L? and therefore
0
JoPize S (1/1!’),;0 P> foPiZ, -« - JuGao

in L2, The operators { pf}/? ds P**} P2 are uniformly bounded from L? to F
and therefore converge to P* in the strong operator topology. Thus

1 0
[ as prpcty - 1 2 P9 Py GR9
strongly in F and since p* € 9N, we can conclude that
[ m(ax)o)8slo(De) < +03 2 0] = [ b (@)P2Fy" - - £,G29())
which is enough to imply

E3[o(Dy) < +o0; £ ° p] = N (%) “z
where p*~ is the unique measure in 9N, determined by
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J e @99 = [ et (@)Pee- + - fb()-

Next we pass to the limit @|0 in (4.2). It is easy to see that for quasi-every x
the left side converges to the corresponding expression with & suppressed.
Since H]1 = (1 — aG,)H'l, it follows from Lemma 2.1(i) that the functions
H,1 are uniformly bounded in E norm and since H!l->H'l quasi-
everywhere as a]0 it must be that H/1 — H'l weakly in the Hilbert space
F,. Butthenforg € F n C,,

J e (@x)8(x) = E(g, Hi1) + a(g, H!1) > E(g, H'T) = [ m(a) ().

(4.3)
Thus p* — p, vaguely and the norms E,(H!1, H!l) = y*(D,”) remain
bounded. This implies that also the norms E, (N, p*~, N,u*~) and therefore
also E(N,p~, N u"~) remain bounded. Since p*~ — p;~ vaguely we can
conclude from this that N, u*~ — Ny~ weakly in F ). This permits us to pass
to the limit a0 in (4.2) and get
&,[o(D)) < +o0; £ 0 p] = Ny~ (x). (44)
Finally, the left side of (4.1)

= [ e (@Nu (x)
= [ b (@N*p(x)

= [ w(@)Pyfy- - - fH*1(x)

which equals the right side. [J

Now it is routine to carry over the construction in §5 of [2]. Let the
extended sample space O, the trajectory variables X,, first hitting time o(A)
and last exit time 0*(4), birth time {* and death time ¢ and time reversal
operator p be defined exactly as in [2]. Then with the shift 0, mapping Q,,
into 2 as on p. 6.5 in [2], we have

THEOREM 4.2. There exist unique measures F, P * on Q, determined by

&[o(Dy) < +o03 2 0,0] = [ w2 (dx) 6,4,

&6*[o(De) < +e03 8 O] = [ m(@)8% @3)
Jor § > 0 0n Q and for every k. Moreover for ¢ > 0 on Q.
EEop="56*¢ (4.6)

and for o > 0on X



CLASSIFICATION OF SUBMARKOVIAN SEMIGROUPS 121

§f aox)=6*[ldig(x)=[ m@p(). @)
Also for A C X Borel
Cp(4)=P[0(4) < +0] =9P*[s(d) < +»]. O (48)

The continuous increasing additive functionals a(»; ) are defined just as in
§6 in [2] for the symmetric case and again it is true that

Ga(v; §) = 6%a(r; ) = [ v(ax), 4.9)

1&a(v; £ =16*a(v; ¢) = 6(»). (4.10)

The martingale functionals Mf together with the square functionals {Mf)
and {M_f) are defined as in [2] so that

E(h) =} SMJ(§)'=1 6 [ <M (a). @11)

Also the comartingale functionals M*f and {(M*f), {(M_f*) are defined so
that

E(L) =36+ (M Q)Y =38° [ (i) @)

We do not know if there are corresponding expressions for E(g, f) when
g#/f

S. Beurling-Deny decomposition. The Killing measure x and cokilling
measure k* are the unique Radon measures on X such that

6[ X0 € X; 9(X;0)] = [ x(dr)p(),

E[ X €X; 9(Xn)] = f K*(dx)p(). (.1)
It is routine to show also that for quasi-every x
E:[X;-0 EX; 9(X;0)] = No- k(x),
& Xs-0 €X; 9(X;—0)] = N*¢- k*(x). (-2)

More generally, if we identify the subset [X;. € X] of 2, with € in the
obvious way, then for £ > Oon @

[ X €X; ¢] = [ x(d0)8,4

6*[X. €X; ¢] = [ x(@0)E2¢ (53)
Finally if D is open and if M = X\ D, then for quasi-every x in D



122 M. L. SILVERSTEIN
6[0(M) = +w; Xg_o (S D; ‘p(Xg_o)] = ND¢' K(x),
E*[o(M) = +00; X;_o € D; 9(X;0)] = N*Pp-k*(x).  (54)

It follows from (4.11) and from Meyer’s results on decomposing square-
integrable martingales [15] that for f € F,

163 I(X,-0# X5 X0 X, €X){S(X) = f(X,-0))’
t
<LEMIR)'= E(£.f)- (55)
(This depends on the fact that the processes Mf(f) and f(X,) have exactly the
same discontinuities. See Theorem 6.4(i) in [2].) This estimate establishes the

existence of a unique Radon measure J (dx, dv) on X X X\ (diagonal) such
thatfor F > Oon X X X

63 I(X,—o# X5 X,_o X, € X)F (X,_0 X,) = [ [ J(dx, H)F (x,).
t
(56)
Also for any f € Fe

‘%f [ 7(dx &)(£(x) - 1))’ < E (S ). .7

Of course we will call J the Lévy measure. Exactly as in §10 in [2] we have for
quasi-every x € D

&,[o(M) < & X,a1)-0 € D; 9(Xy0any-0)¥(Xota) ]

-v{o-fIc. a0 )@ 69

and for quasi-every x € X
5::; I(X,_o # X3 X,_ oo X, € X)p(X,_0 W(X,)
= {0 [ 76,500} (59)
The killing and cokilling measures can be recovered from
f k(dx) f(x) = LTig a(l — aG,L, f),

J ¥*(@)5(x) = Lima(; 1 - oG21), (5.10)

which is valid if f is quasi-continuous and bounded with compact support or
if f is the square of a function in F). (See §11 in [2].) The Lévy measure can
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be recovered from

E(g.f) = - [[ 7(d #)g(x)f () (s.11)
which is valid whenever f, g € F,) have disjoint supports. To prove (5.11)
choose D open and containing the support of g such that the closure D ~ is
disjoint from the set where f > 0. Then HMf= N% on D where » =
[J (-, &) f(») and therefore
E(gf)=E(sf— HYf) = —EP(g N%) = -f »(dx)8(x)

which is equivalent to (5.11).
Letf € F,, be bounded andlet g EF N Coop. Fora >0

E*(gh.) ~ 1E*(8, %) = a(ghf — oG} — ba(8, /2 = oG
= }a(g f%aG,1 + aG,f? — 2/G,f) + ;a(gf% 1 — aG,1)

= 1 [ m(@) (X ASY®) + § of m(dx)g(x)f (%1 - aGol(x)},

(5.12)
where we have defined
Af)x) = o [ Gu(x #){F () = F )Y (5.13)
Thus there exists a unique Radon measure {A4f)(dx) such that
{Aof Y(x)m(dx) - (Af )(dx) vaguely, (.14

L[ caryansn) + 3 [ w@)g()f () = E(&h ) - 3 E(s. ).
(5.15)

Just as in §11 in [2] it can be shown that {Af) charges no quasi-polar set and
that

[ m(@nau () g(x) - [ <A )(ax)g(x) (5.14)
for any bounded g € F. Also
(MF)(dt) = a(f*- & + (Af)),
(MEfY) = a(f* k* + A°FD),

and if » is a bounded Radon measure charging no polar set such that N*» is
bounded, then
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[ v(@)& (M) - M)}’

= Lim v(dx)j';°° dt aze'“’gxf(fds{f(z\’,.,.,) —f(X.s)}2

aloo

= lim [ 7(@0)G { fa(l = aG,1) + (4uf)} (). (5.16)

If Nv is bounded then the dual version of (5.16) is valid. (Our notation here is
inconsistent with [2] since in [2] we worked with the semigroup rather than
the resolvent. But the necessary adaptations are obvious.) Of course (5.15)
immediately implies

E(f1) =5 [ <ar)(@x) + 5 [ @ () + 5 [ x(@) ()

1 1 1
=2 [arryan) + 5 [ (@) @) + 5 [ k@) () 617
and this enables us to extend the definition of {Af) and {4*f) to general
f €F,,.

In general it is not true that {Af) = {4*f), although the total mass must
be the same. This can be seen very easily by considering the case when X is a
finite set. However, it turns out that the continuous parts {4.f) and {4%f),
defined by

[ <Ay @) = [ AXau) + [[ 1@ e - F0)Y,
[ <arry@() = [ 42f)@)()

+[[ (@ &) ) - FYe0) (519

are equal. The technique of §13 in [2] can be used to establish for f € F, the
identity

1 [, <A @) +a fD K@) (%) + 3 fD k(dx) f? (x)

1
* 2 f'/;DxDUDxMquD) I (ax, ajz){f(x) _f(y)}z
= E(f= H".f ~ HY) +363 {f(X.0) — S (Xer-0))’
+ 3861 (Xpeep ) 2 (X)) (5.19)

where entrance times e(i) and return times r(i) for excursions into D are
defined as in [2]. The identity

(Aef Y(dx) = (A2f)(dx) (5:20)
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follows from (5.19) after applying time reversal and varying D. Also it can be
shown that

(M fy(dl) = KMEf)(dt) = a({A.f); dt) (5:21)
and if f’ is a normalized contraction of f, then
{AS"H(dx) < {Af)(dx). (522)
We define the diffusion form
DS =% [<Af)ax) (523)

and just as for the symmetric case we have the Beurling-Deny decomposition

E(LN) = DU +5 [[I@n8) {5 - 1))

ty [e@pr@ g [@re. 629

Also the appropriate analogue to Theorem 11.10 in [2] is valid. In general
there is no such decomposition for E (g, f) when g # f. This can be seen
already by considering the case of infinitely divisible processes on the line.

6. The reflected space. We say that bounded f belongs to the local Dirichlet
space F,,. if each x € X has a neighborhood U for which there exists f, € F
such that f = f, quasi-everywhere on U. From the appropriate analogue of
(11.23) in [2] it follows that for any such f there exists a unique Radon
measure {A_f)(dx) such that {4.f)(dx) = {A_f,)(dx) on U. For unbounded f
we proceed indirectly. Let the truncation 7,f be defined by

[ HeI<n
W "‘)‘{nsgnf(x) it ()] > n ¢

If each 7,f € Fy,, then by (5.22) the measures {4.7,f)(dx) increase with n
and therefore

(Aef)(dx) = Lim <(A7,f)(dx) (62)

exists. We say that general (possibly unbounded) f belongs to F,, if each
truncation 7,f € Fy, if {4.f)(dx) is Radon, if f is locally in L*(x) and if

J[ 7@ &) (1) - 1)< +oo

whenever U has compact closure.

Here and in the remainder of the paper we work under

6.1. TECHNICAL AssuMPTION. If f € F, . and if U is open with compact
closure, then there exists f, € F,) such that f = f, quasi-everywhere on U.
O
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ReMARK. The point of 6.1 is this. If f is locally excessive in the obvious
sense and if we have control over the terms of the Beurling-Deny decompo-
sition, then we want to be sure that f can be approximated by F in the sense
of 6.1. Lemma 14.1 in [2] shows that 6.1 is vacuous for bounded f. We do not
believe that this is also the case for unbounded f (although we do believe that
any counterexample would be pathological). Thus the treatment in §14 of [2]
is incorrect as it stands. However everything can be fixed by defining Fj, as
above and postulating 6.1. []

6.2. DEFINITION. f € F,, belongs to the symmetrized reflected space Fii™™ if
E(ff) =5 [ AL + 5 [ (s2(dx) + s(dx)} £ ()
+ 3 [ T@s &) {5 - 1)) 63)

converges. []

The martingale and comartingale functionals Mf(f) and M*f(¢) can be
defined for f € FY™™ just as in the symmetric case (p. 14.2 in [2]) and we
take this for granted below.

Fix once and for all a metric d on X and for ¢ > 0 let

J. (dx, dy) = J (dx, dy)I (d(x,y) > e). 64

Clearly
J,(D,X) + J,(X,D) < + (6.5)
whenever D is open with compact closure. Consider one such D, let g € Fg)

(the extended absorbed space for D), let f € F¥™® and let f* € F be such
that f = f# quasi-everywhere in an e-neighborhood on D. Then

E(g,f)=E(&f*)
+ [[ 7.(@%, 3)g(A{f(x) = F0) = £* () + £* ()} (66)
is well defined independent of the choice of f* and satisfies the two estimates
|E(2. /)| < E(2,8)2{ME(f*, %) 1+ |f - f*lld(D, X)), (67)

|E(2:. /) < 3ME(g, 8)*{E(f*,1*)? + E(£. 1)}, (68)

The two estimates are obvious. That E(g, f) is well defined follows since if
¥, £ are two such functions, then by (5.11)

E(g.f*) - E(.57) = [[ I (ax &) s(x){ £ ) - f* )}
= [ 7.(a%, &) {FF (x) = £* ) = 1 () + £ )}
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Now asume that f is bounded and choose uniformly bounded f, in F,) such
that each f, = f in an e-neighborhood of D and such that f, — f quasi-
everywhere. Then f, — HMf, belongs to F? and (6.7) is valid with g = f, —
HMf, and f replaced by f,. Since E(f, — H™,, f,) = E(f, — Hf,, f, -
HMf), we get an estimate

X{ME(f#,f#)l/Z + "j;‘ "f#"wf,(D,X)}

which is enough to guarantee that the left side remains bounded as nfoo and
therefore f — HM™f € FP. Also it is clear that H¥f € F™ and that

E(g HMf)=0 forg €FP, (6.9)
Denoting f — HMf by P, we can apply (6.8) to get

E(f?,°) < 3ME(f2, ) {E(f*,£*)* + E(£.1)/*} (6.10)

and this enables us to remove the a priori restriction that f be bounded, by
taking truncations and passing to the limit. We summarize in

THEOREM 6.1. Let D be open with compact closure, let f € FX™ and let
I* €F,, be such that f = f* quasi-everywhere on D.

() If g € FQ), then E(g, f) is well defined by (6.6).

(ii) f has a local decomposition

f=f2+ HMf (6.11)
with f° € ¥Q, and with Hf satisfying (6.9). Moreover, f° satisfies the estimate
6.10. O

Combining Theorem 6.1 with the local dual decomposition, we get

E(f,f) = E(f},fp) + E(H*™f, H™f). 6.12)

Since also E(H*Mf, HMf) = E(HMf, H¥f) which is nonnegative, (6.12)
implies the inequality

E(f3:fp) < E(S.S). 6.13)

In the symmetric case f} = f, and (6.13) allows us to pass to the limit in D
and get a global decomposition. (Also see Theorem 14.4 in [2].) We do not
know if this can be done in general. To get around this gap in our knowledge
we single out those f € FZ{™™ for which a global decomposition does exist.

6.3. DEFINITION. f € F;*™ belongs to the reflected Dirichlet space F,,; if the
norms E (H*Mf, HMf) remain bounded as D runs over the open subsets of X
with compact closure. []

6.4. DEFINITION. A function A is harmonic if it is specified and finite
quasi-everywhere and if
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HYf(x) = (%) (6.14)
for quasi-every x € D whenever D is open with compact closure. (It is

understood that the left side of (6.14) must converge absolutely for quasi-
everyx €D.)) O

THEOREM 6.2. Every f € F,; has unique decompositions
f=fo+th f=f+hn* (6.15)
with fo, f§ € F and h, h* harmonic and coharmonic. [J

Proor. If f € F,,;, then by the triangle inequality
E(f2,f2)'2< E(f,1)/*+ E(H™, H¥f)
= E(f,f)"*+ E(H*™f, H¥f)

and therefore f has a global decomposition f = f, + h where f, € F, and
where h € FY™™ satisfies

1/2

1/2

E(g,h)=0 (6.16)
whenever g € F() for some D as above. If f is bounded then it is also clear
that A is harmonic and we are done. In order to treat unbounded f, we
establish an identity which will also play an important role in the remainder
of the paper. Fix bounded f €F,, Just as for the symmetric case
(Proposition 4.5 in [2]), fo(X,) = 0 and f§(X,) > 0 as #1§ when X;_, =9 and
therefore by the martingale convergence theorem ® = Lim, f(X,) is well
defined on [X;_, =9] and we get the same result if f is replaced by A or A*.
(Of course such statements are understood to be true [a.e. ?,] and also [a.e.
% *] for quasi-every x.) By convention we set ® = 0 on the set [X;-o€EX] It
is clear that Mh(t) = h(X,) when ¢t < § and that MA({) = &. Thus for each k

161[0(D,) < + w0 ]{Mh() = Mh(X,0,5)}"

=181[o(D,) < +0]{® — h(Xy05,)}"

and after passing to the limit in k we get
L& {Mh(3) = MR($*)) = 161(X, =3){® — @ © p)?

+161(X. €X){® - h(X.)).  (617)

On the one hand
1
3 81X €X)® = 1 61(x,. e X)(@ - h(X )Y+ 1 [ k¥(@)h(x)?

and on the other hand it is clear from (5.15), (5.18) and (6.3) that
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1 2_1 $
5 BLMA(E) - Mh(E)]'= 5 & fg (MBY(di)

=E(h k) - 3 [ k*(d)h(x)’
and so (6.17) is equivalent to
E(hh)=16{® - @0 p)’ (6.18)

which is the desired identity. It follows in particular from (6.18) that if f' is a
normalized contraction of f, then

E(HW,h) < E(h,h). (6.19)
A similar argument working instzad with the absorbed process for D estab-
lishes for general f € Fi™
E(H*Mf", HYf") < E(H*™f, HYf). (6.20)
Now we are ready to complete the proof of the theorem. First (6.20) implies
that if f € F,,,, then also f* € F,; and we can assume f > 0. Again by (6.20)
the truncations 7,f belong to F,; and the limits f5~-Lim(7,f)e, A~ = Lim{7,f
— (1)) exist in FY™™. Since A~ is harmonic, we will be done if we can
show that 4 = h™ or equivalently if f, — f5~ = 0. But this is true since on the
one hand f, — f5~ € F,) and so there exists a sequence g,, n > 1, with each
g, € F? for some D and with g, — f, — f;~ relative to the E norm while on
the other hand f, — f§~ = h~ — h.and therefore E(g,, f, — f3~) = 0 for every
n. 1
We will only be interested in those f € F,; for which the variable &
introduced above vanishes on the set [{ = + oo] and satisfies

[ dx{6,e750 + 27507} < +ow. (621)

Therefore we explicitly introduce the collection of all such ® for which (6.21)
does converge. It is easy to see that there exists a countable subcollection J(,
of bounded functions in JC satisfying the following two conditions.

6.5.1. 3, is an algebra over the rationals.

6.5.2. If ® € I(, then there exists a sequence ®,, n > 1, in I such that

f dx (E,e75(@ - 8, + re~5(@ - @,)} >0,
E{(® - ®,) - (-9, °p)’ 0. ]

Both in condition 6.5.2 and in the proof of Theorem 6.2 we have viewed the
variables @ as being simultaneously defined on @ and €. Just as for the
symmetric case (see p. 3.9 in [3] and p. 20.1 in [2]) there is no real loss of
generality in assuming that also H,, can be chosen to satisfy
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6.5.3. If ® € ¥, then the functions & ® and & *® agree quasi-everywhere
with continuous functions on X. []

Now we are ready to introduce our boundary. Let A be the collection of
continuous nontrivial homomorphisms on J(, and let & be the trivial one. 3(,
is viewed also as a function space on X U A U {8} in the obvious way and
then X U A U {8} is given the coarsest topology which contains the given
topology on X together with the topology generated by J(,. Because of 6.5.3
the subspace topology on X agrees with the original topology. In general
X U A U {8} need not be compact or even locally compact, but this makes
no difference. From the martingale convergence theorem it follows that on
the set [X;_o =9] the limit X = Lim,, X, is well defined as a point in
A U {8} (modulo the usual exceptional set of sample paths) by the identity

o(xM) =0, &K, 6.22
; )

where on the right side ® is viewed as a variable on & or on £, and on the
left ® is viewed as a function on A. By convention we put X7/ = § on the set
where X;_, € X. Of course X' is defined in a similar way on 2.

The boundary reference measure » is defined by

JREGELE =1 [ ax{B.eR(X) + e tp(X)). (629)
The global hitting operators H, H, are defined by
Hop(x) = <‘§x(p(X§'°f ),

H,p(x) = be™® <p(X;°‘ ) (6.24)
By convention any ¢ on A satisfies ¢(8) = 0 so that in particular
Hl(x) = &,[ X5 € A]. (6.25)
Notice also that automatically
P [ = +o0; X €A] =0. (6.26)

We say that f € F,,, is admissible if the variable ® of Theorem 6.2 vanishes
on [¢{ > +o00] and satisfies (6.21). It is clear then from 6.5.2 that f € F is
admissible if and only if (6.15) can be replaced by

f=f+Hyfs [f=fo+t Hf (6.15)
with yf € LA, ») (necessarily unique). Moreover for such f the identity
(6.18) can be written

E(Hyf, Hyf) = 16 {+f(x5) — v (x=))’ (6.18)
and (6.19) is equivalent to

E(HTyf, HTyf) < E (H~f, Hxf) 6.19)
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where T is a normalized contraction in the sense of (1.12) in [2].

Now we introduce some additional machinery as in §20 of [2] and §3 of [3].
It follows from (6.23) that H, as well as H, for a > 0 is bounded from
LA, v) to L*(X, dx). Therefore the global balayage operators =,, a >0,
defined by

J, 7 d00@ms@® = [ dx f(x)Ha9(x) (627)

are bounded from L%(X, dx) to L%(4, »). For a < B we introduce the Feller
operator

Upp=(B— a)yniHg = (B — a)nzH, (6.28)
together with the density u, z(§, n) determined by

Unp9(§) = f Uo,8( M)P(m)v(dn)
and the bilinear form

Uns (2 ¥) = [ 9(@0)9 (Vs s¥(8)

and the quadratic form

Va2 9) = [ 9(d8) [ v(dnu, 5 (6 M){2(®) — o (m))™
These satisfy
Upe=U,p+ Up, fora<p<x, (6.29)

Upp (9, ) = & {768 — = PE=MNp(Xpt o, Jy(X5).  (6.30)
In particular U, ,, = Limg,, U, g is well defined and

[ 7(@9)0 V.9 = Eo (X W(X). (631)
Let
p(x) = B[ X =8 X;_o=0],
Pr(x) = [ X5 = 8, X; o =13]. (6:32)
Then a7,p}, aw}p increases as atoo to functions 7, p*, 7% p on A such that
[ W@e@®mep@) = 6o(XEL ) (X = 8, X, =0),
[ v(@)ommop*(n) = Bo(XF ) (XFto= 8, X =0).  (632)

Finally, for ¢ on A define
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N(,9) = % UowolP: 9> + % [ v(@){mop*(m) + 752 (1)}9%()

+ 1 [ (@i () + e(@)H92 (). 633)

Then for admissible f € F,,; such that f, € Fg, for some D with compact
closure, we have by (6.18") and (6.16)

E(£.f) = E(fofo) + N(+/, ¥f) (6.34)
and the restriction on f; can easily be removed by passage to the limit.
6.6. DEFINITION. f € F,; belongs to the active reflected space F,, if f is
admissible and if f € L2(X). O
The next theorem shows that F,¢ , plays the role of F, for E,, a > 0.
THEOREM 6.3. If f € F,, then for a > 0 there are unique decompositions
f=L+Hxf; [f=f+Hf (6.35)
with f,, f* € F. Conversely if f € F¥™™ N L? is a-harmonic for some a > 0,
then f € F,, and therefore f = H,yf. [

Proor. If f €F,,, then H,yf € L*(X) and therefore f, = f — H,yf €
L*(X). Also f, = f, + aG,f — aG, f, must belong to F, since f, — aG,f, €
F., and aG,f € F. Thus f, € F and the direct part of the theorem is proved.
Also for f € F,,;, the difference Hyf — H,yf € F .y and since Hyf — H,yf =
aGH,¥f, it must be that E(g, Hyf — H,Yf) = a(g, H,Yf) for g € F,,. Thus
by (6.34)

E(H.xf, Hyf) = E(HYf, Hyf) + E(Hyf — Hyf, Hyyf — Hyf)
= N(,,¥f) + e(HYf = Hoxf, HoYf)

or equivalently
E,(Hotf, HoYf) = N(W f) + Upo (¥, ) (6.36)
This is our tool for proving the converse. Note first that for any ¢ € L*(A, »)
Uoa(9: 9) = Lim Up, (9 9) =Lim (a = B)(Hyo, {1 = (a = B)G, } Hyo)
is nonnegative and so (6.36) implies
E(Hyf, Hyf) < E,(HyYf, Hyf). (6.37)

An appropriate version of (6.36) for the absorbed process implies that for any
fEFPF™ N LX)

E(H", H™) < E, (HXf, HY) (637)

and in particular any such f which is a-harmonic must belong to F,,;. Next
observe that



CLASSIFICATION OF SUBMARKOVIAN SEMIGROUPS 133

N ((P, (P) + UO,a ((P, (P) > % UO,a<(p, (P> + UO.a ((P, ¢)

+ %f {#*(dx)aGH,*(x) + x(dx)aG* H*¢*(x)}
+ 1 [ a{po(x)atl,g?(x) + p(x)alize(x))

=1 [ ax(H*1+ N*k* + p)aH,g2(x)
l % 2
+3 f dx(H1 + Nk + p)aH}¢*(x)

1
= > [ dx{aH,g*(x) + aH2g?(x))
and since Uy, increases with a, the identity (6.36) implies an estimate

E,(Hf, o) > (e A1) [ w9y @). (638)
But it is easy to see that this estimate does not really depend on our

assumption that f € F,,, and so the converse is completely proved. []
It follows from (6.16) that if f € F, ,, then

E(g Hyf)=0; E(H*yf,g)=0 (6.16)

whenever g € F(’i) for some g. From now on we make (6.16") true by
definition for general g € F,). Then we have

E (Hyf, Hyf) = E(H*Yf, Hyf) = E(H*Yf, H*Yf). (6.39)
As mentioned in the Introduction it is not possible in general to define
E (g, f) for arbitrary g, f € F,;. A simple counterexample is worked out in
the Appendix.
It is clear from the proof of Theorem 6.3 that if p € L*(A) satisfies
N(p, 9) < +0o, (6.40)

then H,p, Hyp € F, 4, for all a > 0. Thus yF,, is precisely the set of
@ € L) satisfying (6.40).

7. Kunita’s classification.

7.1. DEFINITION. A function f belongs to the domain of the local generator
@ if f € F,, if E(g,f) can be defined by (6.6) for all g € F N C,yp (of
course f* = f in a neighborhood of the support of g), and if there exists a
locally integrable function &f such that '

E(gf) = - [ m(dx)g(x)&f (x) (1)
forsuchg. O
It is clear from (6.7) that the left side of (7.1) can always be defined for
g €F N C,, when f € Fis bounded.
Now let G;~, a > 0, be a submarkovian resolvent on L%(X, dx) such that
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also the adjoint resolvent G.~*, & > 0, is submarkovian and such that the L2
generator A~ is contained in the local generator & and also the adjoint
generator A~* is contained in the dual local generator @*. Let f = G with
@ € L*X) bounded. Then 5 = G;"p — G, ¢ belongs to F,,. and E,(g, h) =0
for g € F N C,,p. By the local decomposition at the beginning of §6, this is
enough to guarantee that h is a-harmonic and therefore by the martingale
convergence theorem

Gp(x) = Gup(x) + &I (X;—o =3)1;}1;1 Gro(X,). (12
In particular

G,1(x) < G 1(x) < G1(x) + &,1(X;_o=0)e~%.

Lemma 15.1 in [2] is also valid here and therefore

Lim [ dx g(x)B,ae™1(X;_o=0) =0 (71.3)

whenever g is bounded with compact support. This together with (5.10)
implies that

Lim a(g, 1 - aG71) = [ k(dx)8(x) (14)
whenever g € F is bounded with compact support. Similarly
E,%gx a(l — aG;*1,8) = f k*(dx) g(x). (74*%)

Now let f € domain A~ be bounded and choose g EF N Cp With
0< g < 1.Then
- (£, A°f) =Lim a(f,] = aG7)
= lim {%a(fz, 1 - aG1) +La(l - aG*1, 12)
+ 1 & f m(@n) [ 67 (% S - SO
>Lim [%a( 2,1 - aG1) + La(l - aG*1, /%)
+ et m@)a(x) [ 67 (% S - SO
=1 [r@)s@fr+3 [ @)@ (=
+Lim 3 @[ m(d)g(x) [ 67 (6 #)HI() — 1O
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>3 [ s@)s@fer+ g [e (@20
+Lm 3 f (@950 [ 6w DI = SO
(7.5)
This implies that

=(£,47f) > E(£.f) (7.6)

and in particular f € F{*™. To see why note first that f € F, . because of
(7.2) and therefore we can choose bounded f# € F such that f=f # quasi-
everywhere in a neighborhood of the support of g. Then

3 @[ m@)g(x) [ Gu(x #NS(x) = F))*

-1 f m@9s) [ Gulm )I* @) -1 O

+12(8, G (- 1?) + AL G{*-F) 0D
By (5.14’) the first term on the right converges to
1 [ Car* amy a0)

=1 [caryas) + 5 [[ 7@ d)e@{* ) - 1* 0))-

Suppose we can show that
Lim o*(s, G, {2 = /**}) = [ 7 (dx, #)s(x){F0) = 1* )},

Lim o(gf, G, {f = *}) = [ 7 (d. §) ()5 (1) {5 ) = 1* ().

(7.8)
Then (7.5) becomes

~(h A7) >3 [ k(@) s(®)f @)+ 3 [ K(d)g(x)f(x)
+5 [ <@y + 1 [[ 1@ 88 (* @ - 1* o))

+ 5 [[ 7(ax, &) 8({FO) = £* (0 + S (%)% (¥) - 26()f* ()}

and since the last two terms combine to give 3 [[J(dx, d)g(x){f(x) —
SF(»)}? we can pass to the limit in g and establish (7.6). Thus we have reduced
(7.6) to (7.8). Now (5.11) implies that
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Lim (5, G,9) = [ [ 7 (dx, #)3(x)o () (19)

whenever ¢ € F,, has support disjoint from g. Also (7.9) is true if ¢ = H1 —
¢ where y € F,, agrees with H1 in a neighborhood of the support of g. This
follows because

o*(g G, {H1 - y}) = —a(g, Hl — aG,H1) + a(g, ¥ — aG,¥)
converges to E (g, ¢) by (7.3) and because

E(g.¥) = E(8 ¢ - H) = [[ J(dx, #)8(){y(») - H1(»)}

as is clear from (5.11) and (6.6). The first line in (7.8) now follows since
FO)? = f#(¥)* can be approximated from below by functions ¢ for which
(7.9) is valid and also c{H1(») — ¥(»)} — {f(»)* — f*(»)*} can be so
approximated for some { as above and some ¢ > 0. The second line follows
in a similar way, after working with gf instead of g.

The technique used above to establish the estimate (7.6) is a simple
modification of the one first used by M. Fukushima [6] for multidimensional
Brownian motion. It is routine to extend (7.6) to general f € domain A~ and
of course the analogue is also true for f € domain 4~*. Combining this with
the converse part of Theorem 6.3, we get

THEOREM 7.1. Both domain(4~) and domain(A~*) are contained in the
active reflected space F,¢,. [

One pleasant consequence of Theorem 7.1 is that (7.2) can be replaced by
the more compact formula

Ga~q)(x) = Ga‘p(x) + HaYG:¢(x) (7'2,)

at least for ¢ € LYX).
Of course the above argument can be refined to replace (7.6) by an
analogue to (15.14) in [2]. But this is pointless in the nonsymmetric setting. To

get the “correct result” we must adapt the techniques used by H. Kunita in
[5]. First we observe that if f € F,; is bounded, then

41{712} a(g, f— aG;f) = E(gf) (7.10)
In fact this follows from (7.3). Since

aZ(g’ HaYGa~f) = az(H:YGa~*g’f) < a" g"oo(H:I’f)
we can replace G;~ by G, in (7.10) and then we need only check the separate
cases when g € F,) and when g = Hyg. (We have already observed on p.
15.3 in [2] that (7.10) need not be true for general bounded f € F,), even in
the symmetric case. Notice that (7.8) is actually a special case of (7.10)

although at the time we had to use a slightly different argument since we did
not know that f € F,.)
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Now we are ready to adapt the argument on p. 323 in [5]. Let f €
domain(4~) be bounded and write f = f, + H,yf. Choose f, EF N C,p
uniformly bounded such that f, — f, relative to E,. For each n, for ¢ > 0, and
forall > a

B({f = f= ¢}, (1= BGZ ) S - 1)) >0. (7.11)
This can be verified by checking cases, exactly as in the proof of Lemma 1.6
in [1). By the a > 0 version of (7.10) we can pass to the limit 8700 and get

(/= f =) (@=47)f) = E({f = f, = c}".f,) > 0
and therefore after a passage to the limit in n
(HAf = ) (@ =A™ f) - E,({(Haf — ¢}, £) > 0. (1.12)
But
E,((Haf - ¢} 1) = E({Hof = e} —H: (v — ©)", )
=((Hof - )" —HI (S~ )"\ (e~ @)f)
=({HAf = e} —HI (S = )", (a = 47)f)
and so (7.12) is equivalent to
(H: (= )"\ (@ = 47)f) > 0. (1.13)
This corresponds to (6.4) in [5]. Next
(HAf (. = A7) f) = (£, (a = A7) f) = (f2, (@ — 47)f)
which by (7.6) is > E,(f,/) = (f, (@ — A7) f) = E(f,f) — E.(f — H}f,
f = Hyf) = E,(H}yf, H,Yf) and therefore by (6.36)
(H2Af, (a = A7) f) > N(vf, of) + U (4, ¥f)- (7.14)
This corresponds to the estimate at the bottom of p. 232 in [5]. Now define an
operator R, on 7} L¥(X) by
Rtym.8 = YG *g (7.15)
With f = G;"g and ¢ = 77g so that yf = R, the estimate (7.14) becomes
(R@® 9)a> N(R@® Ra)®) + Upa (R Ryp)  (7.14)

and by (6.38) and (6.36) the operator R, is bounded relative to the L%(d)
norm. (Of course ( , ), denotes the standard inner product on L%(A).)Since
7*L%(X) is certainly dense, R, extends uniquely to a bounded everywhere
defined operator on L%(A). Now (7.13) is equivalent to

([Ro - ]",9),> 0. (7.13)

This together with the argument on p. 342 in [10] is enough to guarantee that
R, is the Green’s operator for a submarkovian semigroup on L%(8).
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ReMARK. The operator R, here corresponds to the kernel M, (n, £) on pp.
320-322 in [5]. It appears that the existence argument for M, (1, £) given in [5]
has a gap and indeed that Proposition 6.2 in [5] is incorrect as stated. [

Of course the dual operator R, defined by

Riym.g = vG*g (7.15%)
is also the Green’s operator for a submarkovian semigroup. Moreover

[ #(d9mf ©Rwm2s® = (f, HrGis) = (HEYG*, 8)

= [ »(dn Ry, f)n2g(n)
and therefore
(o R(a)\b)A = (sz)¢, ¥Y)a (7.16)

which is enough to guarantee that the associated submarkovian semigroups
are adjoint relative to L*(A). It is clear also that

G:' = Ga + HaR(a)ﬂ:,

G* = G* + H*Rlym,. (7.17)
By Lemma 6.3 in [5] we have for 0 < a < B
R = Rg) + RwyUqpR(p) = Rip) + Rip)UspRear (7.18)

Now let P be the orthogonal projector of L*(4) onto the range R(a)Lz(A).
Of course P is independent of a > 0 by (7.19). If R, A > 0, is the resolvent
corresponding to R ), then ¢ € L(A) satisfies Pp = ¢ if and only if

Lim (¢ {1~ ARen}@),= 0 (7.19)

(The point is that if Pp 7 ¢ then for all A > 0 we have (¢, AR n®)a <
(P, Pp), < (9, 9)a.) This implies that also P is the orthogonal projector of
L*(A) onto the range R%,L*(4). In fact PL*(A) is a subspace of a special type.
There exists a subset of A and a sub-sigma-algebra of the Borel algebra on
this subset such that PL%(A) consists precisely of those functions in L*(A)
which vanish in the complement of the subset and are measurable with
respect to the sub-sigma-algebra. To show this we need only check that if
@ € PL*(Q), then for any ¢ > 0 also (¢ — ¢)* € PL*(A). But this follows
from the estimate

([ - c]+, [¢- c]+ —ARn[9 — c]+ )A= ([o- c]+,q> - }‘R(“”\q’)A
—([9 - €]"r e~ ARno),< ([9 = €]”> @ = AReno)

(All this is stated in Proposition 6.4 in [5] and Theorem 4 in [10].) The
generator B, corresponding to R, satisfies
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B.R,y= —P. (720
It is clear from (7.18) that domain(B,) is independent of a > 0. Also for
0 < a < Band forp € L¥(Q)
BgR(yp = BgR(g){9 + Uy sR)®} = —Pp — PU, zRo9
= B,R(9 — PU, gR(yp

and therefore

B, = By + PU,,. (7.21)
By Lemma 6.1 in [5] the operator U, is bounded on L%(A) and therefore we
can define an operator B by

B = B, + PU,, (7.22)

with the understanding that domain(B) = domain(B,). The relation (7.18)
guarantees that forA > 0andfor0< a < 8

Ren= Rign+ RanUy gR(pn. (7.23)

Thus we can pass to the limit a0 and establish the existence of a submar-
kovian resolvent R,, A > 0, satisfying for 8 > 0

Ry = Rign+ R\UpgR(pn= Rign+ RgnUpgRy (7.23)

and it is easy to check that B is the generator. Similarly the adjoint B* is
defined by

B* = B} + PUL, (7.22%)

and generates a submarkovian resolvent R}, A > 0. Now we are ready to
establish the estimates

= ([ - <]". Bg), > [ [ »(emp(@®)ipa(n, O3 — €] (M{c — @ A c(®))
+[ v@9map@clo - c]" @ + [ x(@)H [~ ] (1), (124
- (B*‘P’ [‘P - c]+ )A

> [ vy (@0 e = ¥ Acm} ¥ - ] @

+ [ (@m p*@clv — c]" @) + [ @By - c]" (x) (124%)

for ¢ € domain(B) and ¢ € domain(B*). It follows from the converse result
to be established in §8 that these two estimates together characterize the
possibilities for B.

We prove (7.24) by a series of reductions. It suffices to establish the
estimate
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R(a))‘{a‘lr: 1+ }\} <1 (7.25)
for all @, A > 0. The function an*1 is bounded and so the perturbed genera-
tor B = B, + (an?1) also generates a nonnegative semigroup on PLYA)
with resolvents R, determined by the iteration procedure

Rlr= Ran; RIS = Ran + Ran(am2 1) Rlan
Rn= Lim R'('a);\.
Certainly (7.25) implies that ARQ,1 < 1 and if ARZ,;1 < 1 then also
ARTAAL = ARn] + ARan(amF 1) Rignl
< 1 = AR(am¥l) + AR (amfl) < 1

and after passage to the limit nfoo we conclude that R, A > 0, is submar-
kovian. Thus, with the obvious notation for the standard inner product of
L?(A), we have for ¢ € domain(B)

Mo - c]™, {1 - AR }9),> Mo — c]", {1 - AR\ }o Ac),
= ’\([‘P —¢]", {1 = ARG +ARGw ((am21) — Ul )Ry Jo A t‘)A
> 2([p - c]”, Ran ((em21) = Un)Rap A ),
and after passage to the limit Afoo
= (¢ = <]", B9),
> [ v(d8)(an21 @) - €]” @©c — Upa([® — ] 9 Ac)
= [ v(@®) [ v(dnuoa(& Mo - )" Ofc — 9 A c(m))

+ [ v(@9{em1®) - U @)o - 1" @  (126)
and (7.24) follows after passage to the limit afoo. Thus (7.25) implies (7.24).
To prove (7.25) fix 8 > a and note that (7.23) immediately implies
Ran= Rep) + Ran{Usp = A}R(p)
and since R(g) Bzl = yBGz"1 < 1, this yields the estimate
Ran B3l < 14+ RapU, gl — AR@nR(p) Brj1
and since Bl > an}l + U, gl, this implies

R(a);\{aw:l + }\R(p)ﬁﬂ'gl} <L (7.27)
Thus (7.25) will be proved if we can show that as §1c0
Rp)Brg11P1 [ae. 7] (7.28)

That is, (7.28) implies (7.24). Suppose we have shown that as 810
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RwypU,p—1 (7.29)

in the strong operator topology on PL*(4). Clearly R g B7j1 = yBG;1
increases to some limit which we denote by 8. If 0 < ¢ < 1 belongs to PL*(A)
and if ¢ > 0in PL?(A) then certainly

(¥ Rig)Uus®)s—> (4 P (7.30)
But also R(4)U, 3¢ < R U, 31 < Rp B}l < 0 and therefore
(¥ Rip)Uap), < (¥ 0)e (7.31)

Of course (7.30) and (7.31) together imply that § = P1. Thus (7.29) implies
(7.24). The estimate (7.14') guarantees that the operators R 4, B > a, are
uniformly bounded on L?(4). Since R ,,L*(4) is dense in PL*(A), the identity
(7.18) guarantees that the operators R g)U, s are uniformly bounded on L%(A)
and also that (7.29) will be proved if we can show that

Lim Rigy=0 7.32
Lim R (732)

in the strong operator topology on PL?*(A). Thus (7.32) implies (7.24). But
(7.32) can be proved by arguing as on pp. 20.15, 20.16 in [2]. If (7.32) fails
then there exists nontrivial ¢ € L%(A) with Rg,yp < 1 such that ¢ =
Limg,, R 49 is nontrivial. (Of course Rz decreases as 100.) But then for
every 8 > «a

(9 Rey®)s> (9 Rip)9)s
which by (7.14)) is

> N(Ripy®: Ripyo) + Ugg (Ripy@s Ripy) > Upp (¥ ¥)
and therefore

Ueso (4 ¥) = Lim (B = @) [ dx Hy(x){1 = (B = @) Gy }H4(x)

is finite which implies that H,y € F. But Proposition 4.5 in [2] can also be
applied here (see also the proof of Theorem 6.2) and we conclude that this is
impossible for nontrivial . This contradiction finally proves (7.24). We
summarize in

THEOREM 7.1. Let G;~, a >0, be a submarkovian resolvent on L*(X, dx)
such that the generator A~ is contained in the local generator &. Suppose also
that the adjoint resolvent G;~*, a > 0, is submarkovian and that the adjoint
generator A™* is contained in the dual local generator @*.

(D) Both domain(A4~) and domain(A4~*) are contained in the active reflected
space F., so that YGg, YG*g are well defined functions in L*(A, v) for
g € LX, m).

(i) The operators G,~, G;* can be represented (1.17) where the operators
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R,y R, are bounded on L*(A) and determined as follows. There exists a closed
subspace PL*(D) of the special type described above and a closed densely defined
operator B on PL*(A) such that if f € domain(4~), then yf € domain(B) and
Jorallg €F,

— [ m(@x)g(04F(x) = E(s.f - HY) - (%8 Byf),  (133)

Both B and B* satisfy the estimates (1.24), (7.24*) and both generate submar-
kovian semigroups on L*(A) which are strongly continuous on PL*(). Also for
a > 0 the operators B,, B} defined by (7.22), (7.22*) generate such semigroups
and R, R, are the associated Green’s operators. []

The correct analogue to the basic estimate (6.9) in [5] is
= (97 Bp)y,> N(9™, ™) + Upe (9, 97)- (739

We show now that (7.24) and (7.24*) together imply (7.34). For a« >0
certainly (7.24) implies (7.26) and therefore

~([p = <]". B;9),= —([9 - c1", Bo),+ Upa([9 — €], 9)
~ [ w(dgan21®) 9 - <] @9 ®
>~ [ v(@em21®{[9 - c]" @Y + Upul([9 - c]". [0 - ¢]")

and since an}l is bounded, this is enough to imply that B generates a
submarkovian semigroup. (See Theorem 1 in [10].) But this implies for every
A > 0 the estimate

R(a);\{k + (!71’: l} <L (7.35)
To prove (7.35) we need only show that for ¢ > 0in PL%(d)
(% Ran{A + an21}), (1. (7.36)

The left side of (7.36)
= 1;;{.13 ({amgl + A}REpY, MR ueaDa
=Lim p(RGLe{omZl + A} REnd, Da

= %%{g B({1 = pRGEAIRGR {amyl + A} RELY, 1),

= %%?.} {1 = pRGLAIRGNY, Dy
= I;%{g {1 = (p + DRGLAIRENY: Da
= ];%{2 W R ueaa

- I':%gl EREAY: 1 = (B + NRG A Da
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The first limit is the right side of (7.36) and the second is nonnegative because
R b > 0, is submarkovian and so (7.36) and therefore (7.35) is proved. In
a similar way (7.24*) implies

Rip{A+aml} <1 (7.35%)
Now for ¢ € domain(B)

= (# B®)a=Lim Mg, {1 ~ AR@n}9)s
=Lim [ M@ (1~ ARanl)), + N((1 - ARGl 99),

+ 120 9@ [ Rante d){9(® - o)']
>Lim }{(9% MRanent1) + (Rinem,L, )

= % f v(d§){an21(§) + an 1(§)}9*(®)

which implies that B, + 3(am?l) + 3(am,1) generates a contractive
semigroup on L?*(A). Since this semigroup certainly preserves positive
functions, we can apply Theorem 2.1 in [16] and conclude that

= (9", B9 > 5 [ #(d9){ant1® + am,1®)}o* )
or equivalently

- (9%, B9)> § [ ¥(de){an21() + om, 19 }o* ¢

= Upa (9% 0*) + Up (9 97)

and (7.34) follows after passage to the limit afoo. Thus (7.24) and (7.24*)
together do imply (7.34). However (7.34) is weaker and Kunita is able to
establish a converse using (7.34) only because he is dealing with the special
cass when 1 = Hl1 = H*l and aG"1 = 1.

It is clear that the resolvent G, a > 0, is completely determined by the
boundary generator B. In fact Kunita shows that B (which corresponds to Q
in [S]) can be used to formulate precise boundary conditions for the generator
A~ and it is easy to see that this carries over to the present context. In the
next section we establish a converse. This will show in particular that the
operator B can be viewed as classifying possible resolvents G;~, a > 0, which
satisfy the hypotheses of Theorem 7.1.

8. A converse result. Let PL(A) be a special subspace of L2(A) as described
in §7 and let B be a closed and densely defined operator on PL3*(A) which
generates a strongly continuous semigroup on PL*(A) and which satisfies
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~([o- 1", Be),+ b([o—c]". [9 — €]"),
> [ v(a) [ ¥(d8)uo.(m D@ = c]” (D){e = 9 Ac(®))

+ [ v(agrtp@clo — <] @ + [ x(@)Hc[o -] ® @)

for some b > 0. This implies in particular that both B and B, = B — PU,,
generate submarkovian semigroups which are strongly continuous (but not
necessarily contractive). For B this follows directly from Theorem 1 in [10].
For B, we first note that

~([p=c]".Bg) + b([o = c]", [9 = ]")
> ~Upa([o-c]" o AS)+ Up([9 -], 9)

+ +
= Upa([o=¢] s[9—c]") >0

However the real point of (8.1) is that our proof of (7.35) can be applied here.

Thus if we define R,)@ = Limy,R ¢ for @ > 0, then
aRym¥l < 1. (8.2)
Now it is routine to check that the operators G~ defined by (7.17) form a
submarkovian semigroup. It is clear that the generators A~, A~* are
contained in the local generators &, &* in some formal sense, but we will not
pursue this further at the present level of generality. We only point out that
the converse of Theorem 7.1 is valid. In particular (7.24) and (7.24*) together

characterize possible boundary generators B (assuming of course that B
generates a semigroup).

Appendix We discuss an example which indicates that sometimes there is
no natural way to extend the Dirichlet form E (g, f) to the full reflected space
F,

ref*

Let X be the upper half-plane
R** = {(x,y):x ER,y > 0}.

The reference measure is Lebesgue measure dxdy and the local generator @ is
defined by

where
-101 _ -1 1
w(y) = Yy~ (1 —logy) for0<y<]1,
0 fory > 1.

The semigroup P, is the absorbing barrier diffusion generated by &. Certainly
Lebesgue measure is excessive and the sector condition will be established if
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we can get an estimate

+ 00 1 -
[7a [ @y -tonn) e

172

<ul[ el swsy) ([ af swsr) an

for f, g € C2(R>*). But this follows from the Cauchy-Schwarz inequality
since

[T w72 - 10g) g

=f_:° dxj: dy~*(1- logy)'z{f;y dt D, g(x, t)}z
<f_‘:° dx fo' &yl - 1ogy)'2f0’ dt(Dyg(x, 1))’

< {f_:o d"fal dr(D,g(x, t))z}fol dy~'(1-logy)™

The symmetrized reflected space F™™ is the classical Sobolev space and Fo
is the completion in this space of CZ,(R**). In fact, (A.1) is valid if only
g € F, and this is enough to guarantee that actually F,, = FY™, However,
since w(y) is not integrable, no such estimate can be valid for arbitrary f,
g € F,;. This seems to preclude any natural definition of E(g, f) for general
8, f € F,;. Notice that the “problem term” is simply ignored when g = f.
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